GEOMETRY OF A SURFACE IN THE NEIGHBORHOOD
OF A SPINE*

BY
V. G. GROVE

1. Introduction. In this paper we propose to continue the study begun by
Bompiani,t Lane, and others of curves and surfaces in the neighborhood of
a singularity. The curves and surfaces previously studied possessed a tangent
line or plane at the singularity. We shall discuss from a projective point of
view the geometry of a surface in the neighborhood of a singularity we have
called a spine by making use of certain osculants of a plane curve at a cusp.

We shall say that a point O on a surface S is a spine if it is a conical point
such that the cone at the conical point degenerates into two planes. A spine
may also be defined as a point O through which there exists a line ¢ such that
every nonspecialized plane section of .§ through ¢ has an ordinary cusp at O
with ¢ as the cuspidal tangent.

Two cases arise according as the degenerate cone consists of distinct
planes or coincident planes. In the first case, which we will call the non-
parabolic case, the line ¢is unique and is the intersection of the distinct planes.
We shall call the line ¢ the spinal tangent. In the second case, which we shall
call the parabolic case, the line ¢ is any line in the pair of coincident planes.
We shall call ¢ a spinal tangent, and shall call such a spine O a spine of the
parabolic type.

In §§3 and 4 we derive the equations of certain osculating curves of a
curve at a cusp. In particular, we define order of contact of an algebraic
curve with a given curve at its cusp.

In §2 we derive a simple form of the equation of a surface S with a spine
at O in the nonparabolic case, and then use the osculants for a curve at a cusp
to study the surface

In the last section we briefly discuss the surface in the neighborhood of a
spine of the parabolic type.

2. The canonical form of the equation of S. Let the surface S have a
spine of the nonparabolic type at O. Let the nonhomogeneous projective co-
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ordinates of a point P be (x, ¥, ). If the planes y=0, 2=0 be chosen as the
distinct planes of which the degenerate cone consists, and the point (0, 0, 0)
be chosen at the spine, we may write the equation of the surface in the form

(1) y2 = As + Bax + C15? + Dox® + Ay + Byx + Cox? + Dia® + Eowt + - - -,

wherein 4, B;, C;, - - - are homogeneous functions of degree 7 in y and z only.
By transformations of the form

’

x=a"+ay +p, y=y, =42

’ * ’ y ’ 2

T+ Mt mg+ 72 ° 1+ratug+o T+ Ne+ uj + 2
z = ¢, y=m, z = s¢,

we may reduce equation (1) to the following canonical form
(2) 7t =As+ Bt +Ci8*+ Do+ A+ Bt + Cof? + Dif + Eott + - - -,
wherein

As = Asm® + A2 + A1m$? + Aosf?,

By = — Asm® + Bund — Aosf?,

C: =0,

Dy =1,

Ay = Aum* + Asm® + Aeam™? + Aaan$® + Aol?,
B;s = Bsn® + Ban® + Bin? + Bost?,

C: = Cam® + Cum¢ + Coxt?,

D, = — A — Arsf,

Ey= — Bu,

3)

......................

We shall call the tetrahedron of reference giving rise to the equation (2) the
canonical tetrahedron. Every coefficient appearing in (2) is an absolute in-
variant of .S at O.
We find it convenient to introduce homogeneous projective coordinates
by the formulas
X1 X2 X3
E = — 17 = — g‘ = —
X4 X4 X4
3. Canonical form of the equation of a curve with a cusp. In this section
we shall derive a canonical form of the equation of a curve with a cusp, and
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define certain osculating curves of the curve. We find these osculants useful
in discussing a surface in the neighborhood of a spine.
Let (£, n) be the nonhomogeneous projective coordinates of a point P in
a plane. Let the point (0, 0) be chosen at the cusp O of the curve C, and let
the side =0 of the triangle of reference be the cuspidal tangent of C at O.
By proper choice of the side £ =0, the equation of the curve C may be written
in the form
@ 7? = asof® + aifn? + aom® + @bt + andn + at™?® + aisén® + aom?
+ asot® + anttn + ast®? + asst®n® + ardnt + aon® + - - -, 230 # 0.
If on the equation (4) of C we make, in order, the transformations
z y
= p=——)
) 1+ p2+qj - 1+ pz2+4gy
=1z, y=ysy,
wherein p, g, 7, s are defined by the expressions

( 6) paso = aqgo + 3912, qaze = o1 + 3003,
ager® = 52, f(azzaso + aso) = 5(“18“30 + all),
we reduce (4) to the following canonical form

R ¥ = 23 + 01229 + 003y — G12%* — @032y + 0222%y? + a13%Y° + Gouyt
+ a5’ + aaxty + as226®y? + a2sx®y® + a1yt + a0yt + - - -,

wherein @ss+a50 = a13+ a4 #0. We shall speak of the triangle giving rise to the
canonical form (7) as the canonical triangle.

From the canonical form (7) we derive the equations of C in the simple
parametric form
(8) x = tz, y= i3 + a7t-7 + asts + a9t9 + amt“’ + ctty
wherein

ar = ag = 3(a22 + as0), @ = }[a12(a22 + @s0) + Gos + @32 + dco], SR

The transformation of coordinates between the triangle of reference for
the equation of the curve C in the form (4) to the canonical triangle may be
written in the form

© . r% _ sy
1+prx+qsy, " 1+prx+qsy’

wherein p, ¢, 7, s are defined by the formulas (6). The inverse of transforma-
tion (9) is
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¢ ]
x =y y - —_—
r(1 — pt — qn) s(1 — pt — qn)

We shall find it convenient to introduce homogeneous projective coordi-
nates by the formulas

(10)

X1 X2
xr =— y=—"
X3 X3
4. Osculating curves of a curve at a cusp. Let 4} be an algebraic curve
of order 7z, with a multiple point of order p+2 at the cusp O of C, two of
whose multiple point tangents coincide with the cuspidal tangent y=0 of C
at O, and the remaining p of whose tangents do not so coincide with y=0.
Let the number of points of intersection of 47, with C coinciding at O be
denoted by N. We shall say that A}, has ¢-point contact or (¢—1)-order
contact with C at O if

g=N—2p—4.

In the language of Bompiani we shall say that the curve A}, represents the
neighborhood of the (¢—1)st order of C at O, and shall call 4}, an osculating
curve of C at O.

Writing the most general equation of a cubic with a cusp at O, and de-
manding that the power series resulting by the substitution of (8) into that
equation shall lack terms in ¢*, (=0, 1, 2, 3, 4, 5), we find the equation of the
osculating cubic 434 to be

(11) y2 = %8,

The equation of the osculating cubic gives a simple geometrical charac-
terization of the canonical triangle. The vertex O, (0, 1, 0) is the inflexion point
of the cubic; the side x3=0 is the inflexion tangent.

The neighborhoods of C at O of the sixth and seventh orders may be repre-
sented by the respective curves

A;.ﬁ y2 = 2% 4 (a2 + as0)*%y?%;
Alg Yz —y) = #t — 2%y + (a2 + as0)y*

The unit point of the canonical triangle of reference is the intersection of the
triple point tangent y=x of A}, with the osculating cubic 4.

5. Sections of the surface S through the spinal tangent. We now shall
use the results of the previous sections in a discussion of a surface in the
neighborhood of a spine of the nonparabolic type.

The plane which is given by



260 V. G. GROVE [March

(12) & =my, m = 0)

intersects the surface S whose equation is (2) in a curve with a cusp at O
(0,0, 0, 1). The line n=¢ =0 is the cuspidal tangent for all of these sections.
The planes n=0, £ =0 are the only planes through the spinal tangent whick inter-
sect the surface in curves with a triple point at O.

The equations of the curve of intersection of the plane (12) with the sur-
face S are

& = mn,
(13) 9% = st + aafn? + aoan® + ekt + ané®n + aat? 4+ aistn® + aoum?
+ asef® + anttn + - - -,

wherein aso, a1z, s are defined by the formulas

magze = 1, moyg = — Aau + Bum - A03m2,
mags = Aso + Aaym + A1m? + Aoams, may = — B,
maogzy = — (Azl + Anm) ’ mage = Ca0 + Cum + Cozmz,

(14)
mas = Bso + Bam + Bigm?® + Boams,

mags = Ay + Asm + Agam? + A1gm® + Ao4m4,

maso = Foo, magy = Ey + Emm, .

The second of equations (13) is of the same form as (4). Hence we may derive
the equations of the loci associated with the various neighborhoods of the
sections of S through the spinal tangent by the use of the transformations
(9) and (10).

By this method we find that tke equations of the osculating cubic of the sec-
tion C by the plane (12) are

(15) ¢ =mn, mn®=§ — (A0 + dom?n® + (As0 + Aosm®)n®.
The locus of the osculating cubic (15) is a cubic surface whose equation is
(16) 7t = £ — (Asm® + Aost)E + (Ason® + Aosl®).

We shall call this cubic surface the osculating cubic surface of S at O. The
osculating cubic surface of course has a spine at O.

We note from the form of equations (15) that the points of inflexion of all
of the osculating cubics of the sections of S through the spinal tangent lie in a
plane. This plane is the face £=0 of the canonical tetrahedron. Te locus of
the inflexion points of the osculating cubics is therefore a plane cubic whose
equations are

(17) £=0, ¢ = Asom® + Aosl3.
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Equations (17) furnish another interpretation of the edges £=9=0, {={=0
of the canonical tetrahedron. Tke inflexion points of the cubic (17) lie on the
edge x,=x,=0 of the canonical tetrahedron.

The inflexion tangent of the osculating cubic (15) intersects the spinal
tangent in the point

(18) (m, 0, 0, - A30 - Aoamz).

There is established therefore a (1, 2) correspondence between the points on
the spinal tangent and the planes through the spinal tangent. Tke vertex O,
(1, 0, 0, 0) of the canonical tetrahedron is the only point to whick correspond
planes separating the planes n =0, { =0 harmonically. There exist on the spinal
tangent two points D, D; to each of which correspond identical planes. The
vertices O and O, separate D, D, harmonically.

The equations of the inflexional tangent of the osculating cubic (15) are

¢ = mn,
(Aso + Aosm?)E + (Aso + Aosm®)y +m = 0.

The locus of this inflexional tangent is the cubic ruled surface

(20) X2X3X4 = — (Aaox22 + A03x32)x1 + Asox® + Aosxs®.

19)

This ruled surface intersects the edge x;=x,=0 of the canonical tetrahedron
in the point O, and in the point (1, 1, 0,0). It intersects the edge x2=x,=0
in the point O, and in the point (1, 0, 1, 0). The point (1, 1, 1, 0) is therefore
characterized. The line joining the spine O to (1, 1, 1, 0) intersects the osculating
cubic surface in the unit point of the canonical tetrahedron.

We may readily verify that the planes { =mn wherein Aso— A wsm? =0 inter-
sect the cubic surface (20) in a pair of torsal generators of that surface. The torsal
generators intersect the spinal tangent in the two points D and Dy previously de-
scribed.

The line x, =x3 =0 evidently lies on the surface (20). The line whose para-
metric equations are

x1=1+m, xz=l, X3 =m, X4 = —(A30+A03m),

also lies on the surface. Hence the surface (20) possesses two straight line direc-
trices (flecnode curves).

The locus of the triple point tangent of the curve A} 4 having eight-point con-
tact with the section of S at O is a cubic cone whose equation is

Bsm® + (Bar + Ew)n* + (Bi2 + Eor)ni® + Bost®

(21)
= [Com? + (Ci1 + Foo)n¢ + Cost2]t.
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The vertex of this cone is of course the spine O. The spinal tangent is a singu-
lar line; the planes

Can® + (Cu + Foo)nt + Cozt? =

are the singular tangent planes along the line. The surface (21) intersects the
face x,=0 of the canonical tetrahedron in a cubic curve which has a double point
at Oy, and whose inflexions lie on the line x,=x,=0.

Loci associated with other algebraic curves representing neighborhoods of
higher order could be considered,but we shall carry this discussion no further.

6. The parabolic case. In this section we discuss briefly the geometry of a
surface in the neighborhood of a spine of the parabolic type.

By proper choice of the tetrahedron of reference the equation of a surface
possessing such a spine may be written in the form

(22) n* = As + Baf + Cuf? + D + Ao+ Bsk + Caf? + Dy + b + - - -,

wherein

As = Asm® + Aam* — Aomi? + Aosf?, Aoz # 0,
By = Bam® — Aost?,

C,=0,

Dy=1,

Ay = An* + Asin® + Aam®? + Aind® + Ao,
Bs = Bs® + Ba + Bum$? + Bost?,

Cz2 = Cam?® + Cumn{ + Cosf?,

D, = — Asm — Aa¢,

Ey = — By,

(23)

......................

The plane n=0 intersects the surface S in a curve with a triple point at O.
The triple point tangents are determined by the cubic form
£ — Aut*(t—2¢) = 0.

The interpretation of the condition 4 30 is evident. The line n=¢{=01is an
arbitrary line in the plane n=0.

The section of the surface S through O (0, 0, 0) by the plane {=mn has
the equations

§ =mn,
(24) 7 = £+ anafn® + awn® + awt® + anf’n + ant’n? + auby®
 toamt+ -,
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wherein
@13 = By — Aogm?,
aos = Aso + Asim — Am?® + Aogm?, ay = — By,
a1 = — Ao — Aam, azs = Cy + Cum + Coam?,
ais = Byg + Bam + Bigm® + Bogm?,
aos = By + Bsim + Biem? 4+ Bism® 4 Bogm?,

........................

If use be made of formula (10) and the definitions of p, ¢, , s occurring

therein, we may show that the equations of the osculating cubic of the section
(24) of S are

$=my,
7t = £ — dom2[t — (1 + m)y).

Equations (25) show that tke inflexion points of the osculating cubics of all sec-
tions through a given arbitrary spinal tangent n = =0 lie on the fixed plane £ =0.
The locus of the osculating cubic is the cubic surface with the equation

(26) =8 — At —n—9).

The inflexional tangent of the curve (25) intersects the line n=¢{=01n a
point whose homogeneous coordinates are (1, 0, 0, —A4¢m?). As in the non-
parabolic case, there is thus established a (1, 2) correspondence between the
points on n={ =0 and the planes through that spinal tangent. The point O,
(1, 0, 0, 0) is the only point on the line to which correspond identical planes.
Moreover the planes corresponding to the points on n={ =0 are paired in involu-
tion; the double planes of the involution are the planes n=0, ¢ =0.

The line ¢=¢=0 intersects the surface (26) in O and-in the vertex O:
(0,1, 0,0) of the tetrahedron of reference.

The inflexion point of the cubic (25) has the homogeneous coordinates

(25)

% =0, 2 =1, x5 =m, x4 = Aosm?(1 + m).

The locus of this point passes through the vertex (0, 1, 0, 0), and the tangent
to the locus at this vertex is the line §={=0.
The inflexional tangent of the osculating cubic (25) has the equations
¢ =my,
Aom?[t — 1+ mm] + 1 =0.

The locus of this inflexional tangent is the cubic ruled surface

(27)

X8 %y = — Aoa[x1 + % — xa]x:? .
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The edge x; =x,=0 lies on this cubic; the edge x. =x,=0 cuts the cubic in the
points O; and (1, 0, 1, 0). The edge x;=x,=0 cuts the cubic in the point O,
and (0, 1, 1, 0). The point (1, 1, 1, 0) is therefore characterized.

The osculating cubic of the plane section of .S by the plane { =0 has the
equation

£=0, n*=g.
The projection of this cubic from the vertex (0, 0, 1, 0) is the cubic cone
X4 = x8.

The line joining O to (1, 1, 1, 0) intersects this cubic cone in the unit point of
the tetrahedron of reference.

Hence the tetrahedron of reference giving rise to the expansion (22) and
the unit point of the system have been geometrically characterized. Other
properties of the surface could be obtained by considering the loci or en-
velopes of the various curves and surfaces associated with the sections of S
through the arbitrary spinal tangent ¢ in the plane =0 by allowing ¢ to vary
in that plane. We shall refrain from discussing these details in this paper.
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